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Section A: Propositional Logic 25 Marks
1. (a) Prove that Γ |= B iff Γ ∪ {¬B} is unsatisfiable. [4]
(b) Let Γ = {p ∧ q, p→ ¬q}. Show that Γ |= B for every formula B. [2]
2. Let A be a formula in which every occurring connective is ∧. Can A be unsatisfiable? Motivate.
[3]
3. (a) Formulate the Soundness Theorem for propositional logic. [2]
(b) Show that ` ((A→ B) ∧ (B → C))→ (A→ C) by giving a formal proof. [3]
4. (a) Define what it means for a set Γ of formulas to be complete. [2]
(b) Give an example of a complete and consistent set of formulas. Motivate fully. [3]
(c) Let Γ be a consistent set of formulas. Prove that there exists a complete and consistent set
∆ of formulas such that Γ ⊆ ∆. [6]
Section B: First-Order Logic 60 Marks
5. Let I be an interpretation of a first-order language L and A a formula of L. Prove that A is true
in I iff ∀xnA is true in I . [4]
6. For each of the following formulas, determine whether it is logically valid or not. Prove your
answers using any appropriate methods and results.
(a) ∀x1(P (x1) ∨ ¬P (x1)) [2]
(b) ∀x1∀x2(R(x1, x2) ∨R(x2, x1)) [2]
(c) ∀x1∃x2(R(x1, x2) ∧ P (x2))→ (∃x3P (x3)→ ∀x1∃x2(R(x1, x2) ∧ P (x2))) [2]
7. (a) Formulate and prove the Deduction Theorem for first-order logic. [7]
(b) Show that ` ∃x(A ∧B)→ ∃xA, by giving a formal proof. [6]
8. (a) Let L be a first-order language with at least one constant symbol. Let Γ be a consistent set
of formulas of L. Give a complete definition of the canonical interpretation CIΓ of Γ. [6]
(b) Define what it means for a set of formulas Γ of a language L to have the Henkin property.[2]
(c) Let L be a first-order language with at least one constant symbol and let Γ be a set of formu-
las of L which is consistent, complete and Henkin. Prove that the canonical interpretation
CIΓ is a model of Γ. (You may assume the relevant lemmas on constants and atomic sen-
tences.) [6]
(d) Consider a language with two constant symbols b and c, one unary function symbol F , and
one binary relation symbol R. Let
Γ = {¬(b = c),∀x(F (x) = c ∨ F (x) = b),∀x(F (x) = x), ∀x∃yR(x, y),∀x¬R(x, x)}.
i. Describe the canonical interpretation CIΓ of Γ, i.e., describe DCI, FCI and RCI. [6]
ii. Show that Γ is consistent by finding a model for it. Motivate. [3]
iii. Is CIΓ a model of Γ? [2]
9. (a) Formulate and prove the Compactness Theorem for first-order logic. [5]
(b) Exhibit a set of sentences of the language of equality, LEQ, that has only infinite models.
Motivate. [3]
(c) Prove that there is no set of formulas of LEQ for which the models are exactly the finite
interpretations of LEQ. [4]
